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The reference-beam diffraction technique provides a practical

way to measure a large number of triplet phases in a standard

oscillating-crystal diffraction experiment for protein crystals.

The triplet-phase data set from such reference-beam measure-

ments contains a unique phase-ocurrence pattern that leads to

a new recursive phasing algorithm for the individual structure-

factor phases. Application of the new algorithm is

demonstrated for tetragonal lysozyme using 7360 triplet

phases measured in a reference-beam experiment with a

median phase discrepancy of 45�. An electron-density map

obtained using this phasing algorithm and the measured triplet

phases shows good agreement with the known protein

structure.

Received 23 October 2002

Accepted 14 February 2003

1. Introduction

It has been demonstrated that crystallographic triplet phases

among the structure factors can be obtained directly from

experimental measurements of three-beam interference

pro®les on protein crystals (Chang et al., 1991; Chang, Chao et

al., 1999; Weckert et al., 1993, 1999; Weckert & Hummer, 1997;

Shen, 1999a; Shen et al., 2000a,b, 2001; Mo et al., 2002).

Because no anomalous diffraction signals are necessary, this

evolving method promises to provide the phase information

needed to solve a biological crystal structure without the

requirement for heavy atoms to be incorporated into a native

protein structure.

Given the fact that conventional heavy-atom-based

methods for phasing protein structures generally require the

measurement of many tens of thousands of Bragg re¯ection

intensities, it is worthwhile to ask the following questions

regarding the three-beam diffraction approach. (a) What is the

best systematic approach to make use of the measured triplet

phases? (b) What is the minimum number of triplet phases

that need to be measured in order to solve a protein structure?

(c) How do the measurement errors affect the possibility of a

structural solution? These questions are closely related to

each other and ultimately their answers depend on the

measurement and phasing methods used for triplet-phase data

collection and analysis.

Several authors have discussed these questions recently in

the framework of the conventional  -scan three-beam

measurement technique (Weckert & Hummer, 1997), in which

the interference pro®les are obtained one at a time. HoÈ lzer et

al. (2000) have shown that if a suf®cient number of triplet

phases are measured with substantial overlaps among the

individual structure-factor phases in the measured triplet

relations, it is then possible to deduce the individual phases

using a phasing tree, much like the traditional convergence-

map technique employed in the direct-methods approach.

Because of the considerable number of unmeasured triplet
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phases in the phasing tree, it is necessary to adopt a multi-

solution entropy-maximization algorithm (HoÈ lzer et al., 2000)

to deduce all the individual phases and obtain an electron-

density map. Recently, Wang et al. (2001) employed a similar

maximum-entropy method to solve a small-molecule structure

based on several dozens of measured triplet phases. Measured

triplet phases can also be applied in a traditional or a Shake-

and-Bake direct-methods approach to replace the mathema-

tical estimates with the measured values, leading to structural

solutions of small proteins with lower than atomic resolution

intensity data (Mo et al., 1996; Weeks et al., 2000).

In this article, we discuss a phasing strategy in the context of

a recently developed reference-beam diffraction (RBD)

experimental geometry for triplet-phase measurements (Shen,

1998, 1999a; Chang, Chao et al., 1999). We show that the new

geometry offers a signi®cant advantage in initial phasing

compared with the conventional -scan technique (Weckert &

Hummer, 1997) owing to a systematic occurrence pattern of

re¯ection triplets that is unique to the reference-beam

arrangement. The unique pattern leads to a new recursive

phasing algorithm that allows a straightforward determination

of all individual structure-factor phases from as few as four

starting single phases. This would be particularly useful as a

tool in the solution of novel structures.

2. Data-collection method

Fig. 1 illustrates the triplet-phase data-collection geometry

using the reference-beam diffraction technique, which is a

slight modi®cation (Shen, 1998, 1999a) of the conventional

oscillation camera arrangement commonly used in protein

crystallography. Instead of being perpendicular to the incident

X-ray beam k0, the oscillation axis in the RBD geometry is

tilted by the Bragg angle �G of a strong reference re¯ection G,

which is aligned parallel to the oscillation axis  . In this way,

re¯ection G can be kept fully excited throughout the crystal

oscillation, creating a reference beam kG for the oscillation

diffraction image. In principle, the intensities of all Bragg

re¯ections recorded on an area detector during such an

oscillation can be in¯uenced by the interference with the

G-re¯ected reference wave and thus are sensitive to the

relative phases of the re¯ections involved.

Speci®cally, two sets of diffraction images, one (thick lines

in Fig. 1) created by the direct beam k0 and the other (thin

lines in Fig. 1) by the reference beam kG, are superimposed

and interfere with each other. For any Bragg re¯ection H, its

direct-beam-excited diffracted wave is kH = k0 + H and the

reference-beam-excited diffracted wave is kG + (H ÿ G),

which is parallel to k0 + H since kG = k0 + G. It is straight-

forward to show that the phase difference between the two

diffracted waves is the triplet phase

� � �G � �HÿG ÿ �H; �1�
where �H is the structure-factor phase of re¯ection H. It is this

phase difference � that is measured in the reference-beam

diffraction experiment.

In order to avoid the necessity of making absolute intensity

measurements, complete reference-beam interference pro®les

are usually obtained by taking multiple exposures at several

angular settings �iÿ�G on the G-re¯ection rocking curve. In

this procedure, the interference pro®le for each Bragg

re¯ection H, as illustrated in Fig. 2, is composed of the

integrated intensities IH(�i) from the oscillation image taken

at �i. This data-collection procedure closely resembles the

multiple-wavelength anomalous diffraction method, with the

G-re¯ection rocking curve playing the role of an atomic

absorption edge without the actual need for heavy atoms.

3. Triplet-phase data set

A 90� reference-beam diffraction data set has been collected

from a P43212 lysozyme crystal at the C1 bending-magnet

station of the Cornell High Energy Synchrotron Source

(CHESS) using the experimental procedure described in the

previous section, with X-ray wavelength � = 1.097 AÊ . A

recently implemented special ®ve-circle �-diffractometer

(Pringle & Shen, 2003) with a 1K � 1K CCD area detector is

used in the RBD experiment, along with a control algorithm to

align the reference re¯ection G = (111) and to obtain RBD

oscillation images (Shen et al., 2001). The complete data set,

taken at room temperature, consists of 45 series of � = 2�

oscillation images at 19 �-angle positions across the

G-re¯ection rocking curve, with 15 s exposure time for each

image. The diffraction resolution is�2.5 AÊ , which is limited by

the size of the detector, with 86% completeness for the whole

data set. A typical � range is about 0.05± 0.1�, depending on

the crystal mosaicity.

The integrated intensities of all recorded Bragg re¯ections

in the data set are deduced using MOSFLM and SCALA from

the CCP4 package (Collaborative Computational Project,

Number 4, 1994). These intensities are then sorted according

to the � angle at which the original image is taken to form a set

of RBD pro®les for all 14 914 re¯ections in the data set. The

total data-collection time for all these pro®les is about 12 h,

with only �6 h of exposure of the specimen to X-rays.

Figure 1
Schematic illustration of the reference-beam diffraction data-collection
method for direct measurements of triplet phases in an oscillation camera
crystallography experiment.



The RBD pro®les are then analysed using a curve-®tting

procedure (Shen et al., 2001) with an interference function

based on a phase-sensitive diffraction theory in a distorted-

wave approximation (Shen, 1999b, 2000; Shen & Huang,

2001). The ®tting function,

IH���
I0

� 1ÿ p sin �
sin2 ��

��2

� p

��
cos �� p

2��

� �
1ÿ sin�2���

2��

� �
; �2�

where �� = (� ÿ �G)/w, with w being the rocking-curve width,

involves four adjustable parameters: background intensity I0,

center �G of the G re¯ection, amplitude p of the RBD

interference and the triplet phase �. Examples of the ®ts to the

experimental data are shown in Fig. 2, along with the

corresponding inverse-beam H/G measurements that allow

enantiomorph speci®cation and more accurate triplet-phase

determinations (Chang, Chao et al., 1999; Shen et al., 2000a).

As pointed out by several authors (Weckert et al., 1993;

Weckert & Hummer, 1997; Chang et al., 1999), the inverse

three-beam measurement provides a good way to separate

the phase-sensitive interference effect from

a phase-independent intensity contribution

arising from the overall energy-¯ow balance in

a mosaic crystal. In practice, both qualitative

(Weckert & Hummer, 1997) and quantitative

(Chang, Stetsko et al., 1999) analytical methods

have been used to extract triplet phases from a

pair of inverse-beam related three-beam cases.

In our work, we have adopted the following

simple quantitative curve-®tting procedure to

take into account both the direct-beam H/G

and the inverse-beam H/G cases. This proce-

dure is based on Weckert & Hummer (1997),

but is developed in the framework of an

automated curve-®tting routine using (2). As

illustrated in Fig. 2, we ®rst perform the same

curve-®tting for both cases in each pair,

yielding amplitudes p and p and triplet-phases

� and � for each case. We note that although in

most cases both � and � are consistent with

each other, i.e. � ' ÿ�, occasionally this is not

true because of the phase-independent inten-

sity contribution. The problem is easily solved

by choosing the triplet phase corresponding to

the largest amplitude case in the inverse-beam

pair and then assigning the phase of the other

case to the negative of the chosen one. For

example, if p > p, then � = � and � = ÿ�, but if

p > p, then � = � and � = ÿ�. We ®nd that this

procedure works very well, as shown in Fig. 2,

where the chosen phase is indicated by the

boxed text in each pair of the H/G and H/G

cases.

Although we treat the entire data set as if

every recorded re¯ection yields an RBD

interference effect, this is only one step in our

overall procedure to obtain the measured

triplet phases in an automated fashion. After

the curve-®tting is completed, we use an

acceptance criterion based on the goodness-of-

®t parameters such as �2 and standard devia-

tion �� to select a subset of triplet phases that

are more reliable (Shen et al., 2000b). This

procedure is illustrated in Fig. 3, where the

error histogram of the measured triplet phases

in the data set is shown compared with the
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Figure 2
Examples of reference-beam diffraction interference pro®les obtained from a tetragonal
lysozyme crystal. Each row shows a pair of inverse-beam related three-beam cases, H/G
(left) and H/G (right). The solid curves are ®ts to the data using (2), with four adjustable
parameters. The ®nal value for the triplet phases �� of each pair is determined by the ®t
result with the larger amplitude p. See text for more details.
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calculated values based on the Protein Data Bank entry 193l

(Vaney et al., 1996). When all N = 14 914 re¯ections are

included, the median triplet-phase discrepancy is ��m = 61�.
This discrepancy is reduced substantially to ��m = 45� if a

subset of N = 7360 re¯ections are selected with goodness-of-®t

parameters �2 < 7, �� < 55� and �G 6� limits.

The relatively large median phase discrepancy in our RBD

measurements may be a consequence of several factors.

Firstly, compared with the conventional  -scan method,

intensity statistics may be poorer for weaker re¯ections

because of the same exposure time being used for both strong

and weak re¯ections as set in the oscillation data collection.

Secondly, there may be accidental multiple-beam effects

arising from quartets or higher orders since all measurements

are made at a ®xed X-ray wavelength. Finally, some of the

phase discrepancies observed may be real since the phases of

low-order re¯ections such as (111) may be affected by solvent

which is not taken into account in the calculated phases.

Nevertheless, as demonstrated by Weeks et al. (2000), a

mean triplet-phase error of 40±50� may be suf®cient for

solving small protein structures when used in conjunction with

a direct-methods based algorithm such as SnB. Thus, the data

set we have obtained may be good enough to lead to a

structural solution. The key next step is to deduce the

individual structure-factor phases �H involved in all triplet

relations (1) from the measured triplet-phase data set.

4. Recursive phasing

In addition to direct-methods (Mo et al., 1996; Weeks et al.,

2000) and maximum-entropy (HoÈ lzer et al., 2000; Wang et al.,

2001) based approaches, other strategies of how to proceed

from measured triplet phases to individual structure-factor

phases are being explored, as certain speci®c experimental

features may be taken into account in these alternative

approaches.

One possibility is to take advantage of a triplet-occurrence

pattern that is unique to the RBD geometry. As illustrated in

Fig. 4, for any re¯ection H recorded on an RBD image, H + G
is its adjacent re¯ection next to H along direction G. It is

obvious that re¯ections G, H and H + G form a triplet. Thus, if

triplet phases along a single column H + nG (n = . . . , ÿ2, ÿ1,

0, 1, 2, . . . ) are all measured, then a simple recursive method

can be devised to deduce all individual structure-factor phases

from the measured triplets, once a single phase in that column

is known. In other words, if m triplet phases are measured in a

single column, there are only m + 1 individual phases plus the

G-re¯ection phase �G (which is common to all columns in the

data set) associated with all m triplet phases. Thus, each

additional triplet along a column adds only one unknown

individual phase. This situation is dramatically different from

the conventional  -scanning three-beam technique where

each additional three-beam case would generally introduce

two unknown individual phases.

Figure 3
Error histogram of the measured triplet phases compared with the
calculated values based on PDB entry 193l. It is shown by selecting a
subset of phases from the whole data set using goodness-of-®t criteria that
a random background in the error distribution can be minimized and the
median phase error ��m can be reduced from 61� for the whole data set
to 45� for the subset.

Figure 4
Illustration of the triplet-occurrence pattern that is unique in RBD
geometry, i.e. the three-beam condition is satis®ed for every adjacent
re¯ections along any column in the direction of the reference re¯ection G.



We have developed a new recursive-phasing algorithm

based on the unique triplet-occurrence pattern mentioned

above. The new algorithm has been implemented in the

program RBD_phasing and its ¯ow chart is shown in Fig. 5. A

preliminary test of the new program has been performed using

the measured triplet-phase data set obtained from the tetra-

gonal lysozyme crystal and a set of initial known phases. The

initial phases are chosen to be the 191 (hk0) re¯ections in the

data set since the phases of these re¯ections are restricted to

either 0 or � owing to the symmetry requirements of the space

group P43212.

With the known (hk0) phases plus the (111) phase taken

from PDB entry 193l (Vaney et al., 1996), it is possible to use

the algorithm RBD_phasing and to deduce new structure-

factor phases from the measured subset of 7360 triplet phases.

The median phase error for these new individual phases is 66�,
which is reasonable based on the 45� median error in triplet

phases. An electron-density map (Fig. 6a) is then calculated

based on the structure-factor phases from the 7360-re¯ection

RBD data set. For comparison, in Fig. 6(b) we show the same

map obtained using the calculated triplet phases for the same

7360 re¯ections. The two maps at z = 0 are in reasonable

agreement, as can be seen both from Fig. 6 and from the map-

correlation coef®cient of 0.697, showing the feasibility of the

new recursive phasing algorithm. We believe that further

reductions in the individual phase errors and corresponding

improvements in the electron-density map are feasible using

density modi®cation and other standard crystallographic

re®nement techniques, but this topic is not the focus of this

article.

Since a relatively large number of known phases are used in

the present work, it may be more appropriate to view the new

recursive phasing procedure as a phase extension. However, it

is entirely possible to substantially reduce the number of

initial phases that are needed in the recursive RBD algorithm.

For example, if three RBD data sets are measured with non-

coplanar G1, G2 and G3 as the reference re¯ections, then in

principle only four initial phases, those of G1, G2 and G3 plus a

single re¯ection H0, are needed to phase the whole structure.
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Figure 5
New recursive phasing algorithm from a measured triplet-phase data set
for tetragonal lysozyme, based on the unique triplet-occurrence pattern
in reference-beam diffraction geometry.

Figure 6
(a) Electron-density map of the z = 0 basal plane of tetragonal lysozyme
using the 7360 measured triplet phases and the new recursive phasing
algorithm. (b) The same map using all calculated phases from PDB for
the 7360 re¯ections in the data set. Contour levels are from 0.1 to 0.8 in
both maps, with a linear increment of 0.1.
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This idea is schematically shown in Fig. 7, where the phases of

all re¯ections in reciprocal space are progressively determined

from a single point H0 to a line of nodes through G1, then to a

plane of nodes through G2 and ®nally to a volume of nodes

through G3 data sets. It is worth noting that the G1 and the G2

data sets do not need to be complete for the overall method to

work. Further reduction of the number of initial phases may

also be possible if origin-de®ning and symmetry-related

re¯ections are taken into account in a systematic manner.

5. Concluding remarks

In summary, we have developed a new recursive phasing

algorithm to deduce the individual structure-factor phases

from a triplet-phase data set measured using the reference-

beam diffraction technique. A preliminary test of the

algorithm on a 7360 triplet-phase data set from tetragonal

lysozyme has yielded a reasonable electron-density map that is

in good agreement with the map based on the calculated

phases. The new algorithm makes use of a triplet-occurrence

pattern that is unique to the reference-beam geometry and is

not present in conventional three-beam experiments. The

unique triplet pattern offers a substantial advantage in

providing a systematic and de®nitive way to obtain overlaps

among the individual structure-factor phases within a triplet-

phase measurement data set.

Future work in this area is likely to focus on reduction of

the number of initial phases that are necessary to start the

recursive process in the phasing algorithm and on proper

treatment of error propagation in the recursion owing to

poorly or inaccurately measured triplet phases in the data set.

It may be possible to include the unique triplet-occurrence

pattern in direct-methods or maximum-entropy based

programs to increase the likelihood of structural solutions

with a smaller number of measured triplet phases. It is hoped

that our work will also stimulate more discussions in the future

on the optimal strategies of three-beam experiments in

protein crystallography.
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